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MULTI-TOEPLITZ OPERATORS ASSOCIATED WITH REGULAR POLYDOMAINS
GELU POPESCU
Abstract. In this paper we introduce and study the class of weighted multi-Toeplitz operators as-
sociated with noncommutative polydomains Dm
f
, m := (m1, . . . ,mk) ∈ N
k, generated by k-tuples
f := (f1, . . . , fk) of positive regular free holomorphic functions in a neighborhood of the origin. These
operators are acting on the tensor product F 2(Hn1 ) ⊗ · · · ⊗ F
2(Hnk ) of full Fock spaces with ni gen-
erators or, equivalently, they can be viewed as multi-Toeplitz operators acting on tensor products of
weighted full Fock spaces. For a large class of polydomains, we show that there are no non-zero compact
multi-Toeplitz operators.
We characterize the weighted multi-Toeplitz operators in terms of bounded free k-pluriharmonic
functions on the radial part of Dm
f
and use the result to obtain an analogue of the Dirichlet extension
problem for free k-pluriharmonic functions. We show that the weighted multi-Toeplitz operators have
noncommutative Fourier representations which can be viewed as noncommutative symbols and can be
used to recover the associated operators. We also prove that the weighted multi-Toeplitz operators
satisfy a Brown-Halmos type equation associated with the polydomain Dm
f
.
All the results hold, in particular, for the multi-Toeplitz operators acting on the reproducing kernel
Hilbert space with reproducing kernel
κm(z, w) :=
k∏
i=1
1(
1−
∑Ni
p=1 ai,p z¯
p
i w
p
i
)mi , z = (z1, . . . , zk), w = (w1, . . . , wk) ∈ Dk ,
where ai,p ≥ 0 and ai,1 > 0.
Introduction
The study of Toeplitz operators was initiated by O.Toeplitz [29] and was continued, later on, with the
seminal work of Brown and Halmos [2]. Over the years, this study has been extended to Toeplitz operators
acting on Hilbert spaces of holomorphic functions on the unit disc (see [9]) such as the Bergman space
and weighted Bergman space, and also to higher dimensional setting involving holomorphic functions in
several complex variables on various classes of domains in Cn (see Upmeier’s book [30]). We refer the
reader to [1], [6], [28], and [9] for a comprehensive account on Toeplitz operators and their applications.
In the noncommutative multivariable setting, a study of unweighted multi-Toeplitz operators on the
full Fock space F 2(Hn) with n generators was initiated in [14], [15] and has had an important impact
in multivariable operator theory and the structure of free semigroups algebras (see [3], [4], [5], [17], [18],
[10], [11]). Unweighted multi-Toeplitz operators associated with noncommutative polyballs and acting
on tensor products of full Fock spaces were studied in [23]. In [27], we obtained a Brown-Halmos [2]
type characterization of multi-Toeplitz operators associated with noncommutative poly-hyperballs which
extended the characterization of Toeplitz operators with harmonic symbols on the weighted Bergman
space Am(D) obtained by Louhichi and Olofsson [12], as well as Eschmeier and Langendo¨rfer [8] extension
to the unit ball of Cn.
Very recently [26], we initiated the study of weighted multi-Toeplitz operators associated with non-
commutative regular domains Dmf (H), m ∈ N, generated by positive regular free holomorphic functions
f in a neighborhood of the origin. In the present paper, which can be seen as a continuation of [26],
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we introduce and study the class of weighted multi-Toeplitz operators associated with noncommutative
polydomains.
To present our results, we need some definitions. Let k ∈ N := {1, 2, . . . , } and n := (n1, . . . , nk) ∈ Nk.
For each i ∈ {1, . . . , k}, let F+ni be the unital free semigroup on ni generators gi1, . . . , gini and the identity
gi0. The length of α ∈ F+ni is defined by |α| := 0 if α = gi0 and |α| := p if α = gij1 · · · gijp , where j1, . . . , jp ∈
{1, . . . , ni}. If Zi,1, . . . , Zi,ni are noncommuting indeterminates, we denote Zi,α := Zi,j1 · · ·Zi,jp and
Zgi0 := 1. Let fi :=
∑
α∈F+ni
ai,αZi,α, ai,α ∈ C, be a formal power series in ni noncommuting indeter-
minates Zi,1, . . . , Zi,ni . We say that fi is a positive regular free holomorphic function if the following
conditions hold: ai,α ≥ 0 for any α ∈ F+ni , ai,gi0 = 0, ai,gij > 0 for j = 1, . . . , ni, and
lim sup
k→∞
∑
|α|=k
a2i,α
1/2k <∞.
Given Xi := (Xi,1, . . . , Xi,ni) ∈ B(H)ni , define the map Φfi,Xi : B(H)→ B(H) by setting
Φfi,Xi(Y ) :=
∞∑
k=1
∑
α∈F+ni ,|α|=k
ai,αXi,αY X
∗
i,α, Y ∈ B(H),
where the convergence is in the week operator topology and B(H) is the algebra of all bounded linear
operators on the Hilbert space H.
Let m := (m1, . . . ,mk), where mi ∈ N, and let f := (f1, . . . , fk) be a k-tuple of positive regular free
holomorphic functions. We denote by B(H)n1 ×c · · · ×c B(H)nk the set of all tuples X = (X1, . . . , Xk) ∈
B(H)n1 × · · · × B(H)nk with the property that, for any p, q ∈ {1, . . . , k}, p 6= q, the entries of Xp are
commuting with the entries of Xq. The noncommutative polydomain D
m
f
is defined by its Hilbert space
representations Dm
f
(H) on Hilbert spaces H, where Dm
f
(H) is the the set of all k-tuples
X := (X1, . . . , Xk) ∈ B(H)n1 ×c · · · ×c B(H)nk
with the property that
(id− Φf1,X1)p1 ◦ · · · ◦ (id− Φfk,Xk)pk(I) ≥ 0, 0 ≤ p ≤m
where p = (p1, . . . , pk), with pi ∈ N ∪ {0}. We use the convention that (id − Φfi,Xi)0 = id. In [19], we
showed that each regular polydomainDm
f
has a left universal modelW := {Wi,j} consisting on weighted
left creation operators acting on the tensor product F 2(Hn1)⊗ · · · ⊗F 2(Hnk) of full Fock spaces with ni
generators (see Section 1 for the definitions). This was used in [21], [22] to develop an operator model
theory and a theory of free holomorphic functions on these polydomains and associated noncommutative
varieties. This study was continued recently in [24], where we obtained a Beurling type characterization
of the joint invariant subspaces under the universal modelW := {Wi,j} and developed an operator model
theory for completely non-coisometric elements in polydomains (resp. varieties) in terms of characteristic
functions.
The goal of the present paper is to show that, as in the classical case of Toeplitz operators on the
Hardy space H2(D) of the disc D = {z ∈ C : |z| < 1}, there is a class of multi-Toeplitz operators
associated with each noncommutative regular polydomain Dm
f
which are acting on tensor products of
full Fock spaces. We initiate the study of these operators in close connection with the theory of free
k-pluriharmonic functions on polydomains.
In Section 1, we introduce the multi-homogeneous operators acting on tensor products of full Fock
spaces and the weighted multi-Toeplitz operators associated with the regular polydomainsDm
f
. The main
result of this section is a characterization of the multi-homogeneous operators which are also weighted
multi-Toeplitz operators (see Theorem 1.7). In addition, we show that any weighted multi-Toeplitz
operator T ∈ B(K⊗⊗ks=1F 2(Hns)) has a unique formal Fourier representation
ϕT (W,W
∗) :=
∑
(α,β)∈J
A(α,β) ⊗WαW∗β,
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which can be viewed as a noncommutative symbol. At the end of this section, we show that, for a large
class of polydomains, the associated multi-Toeplitz operators contain no non-zero compact operators.
In Section 2, we characterize the weighted multi-Toeplitz operators in terms of bounded free k-
pluriharmonic functions on the radial part of Dm
f
(see Theorem 2.3) and also characterize the formal
series which are noncommutative Fourier representations of weighted multi-Toeplitz operators (see The-
orem 2.5). These results are used, in Section 3, to prove that the bounded free k-pluriharmonic functions
on the radial polydomain Dm
f ,rad are precisely those that are noncommutative Berezin transforms of the
weighted multi-Toeplitz operators. In this setting, we solve the Dirichlet extension problem.
In Section 4, we prove that the weighted multi-Toeplitz operators satisfy a Brown-Halmos type equation
associated with the polydomain Dm
f
, leaving the converse as an open problem.
1. Multi-homogeneous operators and weighted multi-Toeplitz operators associated
with polydomains
In this section, we introduce the multi-homogeneous operators acting on tensor products of full Fock
spaces and the weighted multi-Toeplitz operators associated with the polydomain Dm
f
. We characterize
the multi-homogeneous operators which are also weighted multi-Toeplitz operators and show that any
weighted multi-Toeplitz operator has a Fourier representation which can be seen as a noncommutative
symbol. For a large class of polydomains, we show that the associated weighted multi-Toeplitz operators
contain no non-zero compact operators.
Let Hni be an ni-dimensional complex Hilbert space with orthonormal basis e
i
1, . . . , e
i
ni . We consider
the full Fock space of Hni defined by
F 2(Hni) :=
⊕
p≥0
H⊗pni ,
where H⊗0ni := C1 and H
⊗p
ni is the (Hilbert) tensor product of p copies of Hni . Set e
i
α := e
i
j1
⊗ · · · ⊗ eijp if
α = gij1 · · · gijp ∈ F+ni and eigi0 := 1 ∈ C. Note that {e
i
α : α ∈ F+ni} is an orthonormal basis of F 2(Hni).
Let Γ : Tk → B(⊗ks=1F 2(Hns)) be the strongly continuous unitary representation of the k-dimensional
torus, defined by
Γ(eiθ1 , . . . , eiθk)f :=
∑
αs∈F
+
ns
s∈{1,...,k}
eiθ1|α1| · · · eiθk|αk|aα1,...,αke1α1 ⊗ · · · ⊗ ekαk .
for any f =
∑
αs∈F
+
ns
s∈{1,...,k}
aα1,...,αke
1
α1⊗· · ·⊗ekαk ∈ ⊗ks=1F 2(Hns). The spectral subspaces {Ep1,...,pk}(p1,...,pk)∈Zk
of Γ are the images of the orthogonal projections Pp1,...,pk ∈ B(⊗ks=1F 2(Hns)) defined by
Pp1,...,pk :=
(
1
2π
)k ∫ 2pi
0
· · ·
∫ 2pi
0
e−ip1θ1 · · · e−ipkθkΓ(eiθ1 , . . . , eiθk)dθ1 . . . dθk,
where the integral is defined as a weak integral and the integrant is a continuous function in the strong
operator topology. Note also that
Ep1,...,pk :=
{
f ∈ ⊗ks=1F 2(Hns) : Γ(eiθ1 , . . . , eiθk)f = eiθ1p1 · · · eiθkpkf
}
for (p1, . . . , pk) ∈ Zk, and we have the orthogonal decomposition
⊗ks=1F 2(Hns) =
⊕
(p1,...,pk)∈Zk
Ep1,...,pk .
We remark that if ps < 0 for some s ∈ {1, . . . , k}, then Ep1,...,pk = {0}. In what follows, we use the
notation Γ(eiθ) := Γ(eiθ1 , . . . , eiθk). Let K be a separable Hilbert space.
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Definition 1.1. If T ∈ B(K⊗⊗ks=1F 2(Hns)) and s := (s1, . . . , sk) ∈ Zk we define the s-multi-
homogeneous part of T to be the operator Ts ∈ B(K
⊗⊗ks=1F 2(Hns)) defined by
Ts :=
(
1
2π
)k ∫ 2pi
0
· · ·
∫ 2pi
0
e−is1θ1 · · · e−iskθk (IK ⊗ Γ(eiθ))T (IK ⊗ Γ(eiθ))∗ dθ1 . . . dθk.
Proposition 1.2. For any s = (s1, . . . , sk) ∈ Zk, the s-multi-homogeneous part of T ∈ B(K
⊗⊗ks=1F 2(Hns))
has the following properties:
(i) (T ∗)s = (T−s)
∗;
(ii) Ts (K ⊗ Ep1,...,pk) ⊂ K ⊗ Es1+p1,...,sk+pk for any (p1, . . . , pk) ∈ Zk.
Proof. Part (i) is clear. To prove part (ii), note that
Γ(eiθ)∗|Ep1,...,pk = e−ip1θ1 · · · e−ipkθkIEp1,...,pk , (p1, . . . , pk) ∈ Zk.
Consequently, if s = (s1, . . . , sk) ∈ Zk and f ∈ K ⊗ Ep1,...,pk , then
Tsf =
(
1
2π
)k ∫ 2pi
0
· · ·
∫ 2pi
0
e−i(s1+p1)θ1 · · · e−i(sk+pk)θk (IK ⊗ Γ(eiθ)) Tfdθ1 . . . dθk
= (IK ⊗Ps1+p1,...,sk+pk)Tf.
Therefore,
Ts (K ⊗ Ep1,...,pk) ⊂ K ⊗ Es1+p1,...,sk+pk
for any (p1, . . . , pk) ∈ Zk, which completes the proof. 
Definition 1.3. An operator A ∈ B(K⊗⊗ks=1F 2(Hns)) is said to be multi-homogeneous of degree
s = (s1, . . . , sk) ∈ Zk if
A (K ⊗ Ep1,...,pk) ⊂ K ⊗ Es1+p1,...,sk+pk
for any (p1, . . . , pk) ∈ Zk.
Brown and Halmos [2] proved that a necessary and sufficient condition that an operator on the Hardy
space H2(T) be a Toeplitz operator is that its matrix [λij ] with respect to the standard basis χk(e
iθ) =
eikθ, k ∈ {0, 1, . . .}, be a Toeplitz matrix, i.e
λi+1,j+1 = λij , i, j ∈ {0, 1, . . .},
which is equivalent to the fact that λij = ai−j , where ϕ =
∑
k∈Z akχk is the Fourier expansion of the
symbol ϕ ∈ L∞(T). In what follows, we find an extension of their result to multi-Toeplitz operators
associated with noncommutative regular polydomains.
First, we need some notations. If ω, γ ∈ F+n , we say that ω ≥r γ if there is σ ∈ F+n such that ω = σγ.
In this case we set ω\rγ := σ. If σ 6= g0 we write ω >r γ. We say that ω and γ are comparable if either
ω ≥r γ or γ >r ω. Let ω = (ω1, . . . , ωk) and γ = (γ1, . . . , γk) be in F+n := F+n1 ×· · ·×F+nk . We say that ω
and γ are comparable if, for each i ∈ {1, . . . , k}, either one of the relations ωi <r γi, γi <r ωi, or ωi = γi
holds. We also use the standard notation s+ := max{s, 0} and s− := max{−s, 0} for any s ∈ Z.
We denote by C the set of all pairs (σ,β) ∈ F+
n
× F+
n
which are comparable, and set
J :=
{
(σ,β) := (σ1, . . . , σk, β1, . . . , βk) : σi, βi ∈ F+ni with |σi| = s+i , |βi| = s−i , si ∈ Z
}
.
We introduce the simplification function s : C → J defined by s(ω,γ) := (σ,β), where, if ω =
(ω1, . . . , ωk) and γ = (γ1, . . . , γk), then for any i ∈ {1, . . . , k},
σi :=
{
ωi\rγi, if ωi ≥r γi,
gi0, otherwise,
βi :=
{
γi\rωi, if γi ≥r ωi,
gi0, otherwise.
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Definition 1.4. An operator T ∈ B(K⊗⊗ks=1F 2(Hns)) is called weighted (right) multi-Toeplitz operator
associated with the polydomain Dm
f
if there exist operators {A(σ,β)}(σ,β)∈J ⊂ B(K) such that, for any
ω,γ ∈ F+
n
and x, y ∈ K,
〈T (x⊗ eγ), y ⊗ eω〉 =
{
τ(ω,γ)
〈
As(ω,γ)x, y
〉
, if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+n × F+n )\C,
where the weights {τ(ω,γ)}(ω,γ)∈C are given by
τ(ω,γ) :=
k∏
i=1
√√√√ b(mi)i,min{ωi,γi}
b
(mi)
i,max{ωi,γi}
and the coefficients b
(mi)
i,βi
are given by relation (1.1).
Proposition 1.5. An operator T ∈ B(K⊗⊗ks=1F 2(Hns)) is weighted multi-Toeplitz if and only if, for
any ω,γ ∈ F+n ,
〈T (x⊗ eγ), y ⊗ eω〉 =
{ τ(ω,γ)
τ(ω′,γ′)
〈T (x⊗ eγ′), y ⊗ eω′〉 , if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+
n
× F+
n
)\C,
where (ω′,γ′) := s(ω,γ) when (ω,γ) ∈ C.
Proof. If T is a weighted multi-Toeplitz operator and (ω′,γ′) ∈ J , then s(ω′,γ′) = (ω′,γ′) and τ(ω′,γ′) =∏k
i=1
1√
bi,max{ω′
i
,γ′
i
}
. Using Definition 1.4, we deduce that
〈T (x⊗ eγ′), y ⊗ eω′〉 = τ(ω′,γ′)
〈
A(ω′,γ′)x, y
〉
, x, y ∈ K.
If (ω,γ) ∈ C, we set (ω′,γ′) := s(ω,γ). The relation above implies〈
As(ω,γ)x, y
〉
=
1
τ(ω′,γ′)
〈T (x⊗ eγ′), y ⊗ eω′〉 .
Consequently, due to Definition 1.4, we deduce that the direct implication holds. To prove the converse,
assume that the relation in the proposition holds. Then, for any (ω′,γ′) ∈ J , we define A(ω′,γ′) ∈ B(K)
by setting 〈
A(ω′,γ′)x, y
〉
:=
1
τ(ω′,γ′)
〈T (x⊗ eγ′), y ⊗ eω′〉 , x, y ∈ K.
Since s(ω,γ) ∈ J when (ω,γ) ∈ C, we can use relation above when (ω′,γ′) := s(ω,γ) and the relation
in the proposition, to deduce that T is a weighted multi-Toeplitz operator. The proof is complete. 
For each i ∈ {1, . . . , k}, set b(mi)
i,gi0
:= 1 and
(1.1) b
(mi)
i,α :=
|α|∑
j=1
∑
γ1,...,γj∈F
+
ni
γ1···γj=α
|γ1|≥1,...,|γj |≥1
ai,γ1 · · · ai,γj
(
j +m− 1
m− 1
)
if α ∈ F+ni , |α| ≥ 1.
The diagonal operators Di,j : F
2(Hni)→ F 2(Hni), j ∈ {1, . . . , ni}, are defined by setting
Di,je
i
α :=
√√√√√ b(mi)i,α
b
(mi)
i,gijα
eiα, α ∈ F+ni ,
where {eiα}α∈F+ni is the orthonormal basis of the full Fock space F
2(Hni). As in [19], we associate with
the noncommutative domain
Dmini (H) := {Xi ∈ B(H)ni : (id− ΦfiXi)p(I) ≥ 0 for 1 ≤ p ≤ mi}.
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The weighted left creation operators Wi,j : F
2(Hni) → F 2(Hni) are defined by Wi,j := Si,jDij , where
Si,1, . . . , Si,ni are the left creation operators on the full Fock space F
2(Hni), i.e.
Si,jϕ := e
i
j ⊗ ϕ, ϕ ∈ F 2(Hni).
If β = gij1 · · · gijp ∈ F+ni , we set Wi,β :=Wi,j1 · · ·Wi,jp , and Wi,gi0 := I. A simple calculation reveals that
Wi,βe
i
α =
√
b
(mi)
i,α√
b
(mi)
i,βα
eiβα and W
∗
i,βe
i
α =

√
b
(mi)
i,γ√
b
(mi)
i,α
eiγ if α = βγ
0 otherwise
for any α, β ∈ F+ni . For each i ∈ {1, . . . , k} and j ∈ {1, . . . , ni}, we define the operator Wi,j acting on
the tensor Hilbert space F 2(Hn1)⊗ · · · ⊗ F 2(Hnk) by setting
Wi,j := I ⊗ · · · ⊗ I︸ ︷︷ ︸
i− 1 times
⊗Wi,j ⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
k − i times
.
According to [22], if Wi := (Wi,1, . . . ,Wi,ni), then
(id− Φf1,W1)m1 ◦ · · · ◦ (id− Φfk,Wk)mk(I) = PC,
where PC is the orthogonal projection from ⊗ki=1F 2(Hni) onto C1 ⊂ ⊗ki=1F 2(Hni), where C1 is identified
with C1 ⊗ · · · ⊗ C1. Moreover, W := (W1, . . . ,Wk) is a pure k-tuple, i.e. ΦpfiWi(I) → 0 strongly as
p→∞, in the noncommutative polydomain Dm
f
(⊗ki=1F 2(Hni)). The k-tupleW := (W1, . . . ,Wk) plays
the role of the left universal model for the noncommutative polydomain Dm
f
. More on noncommutative
polydomains, universal models, noncommutative Berezin transforms and their applications can be found
in [16], [19], [20], [21], and [22].
Here is an alternative description of the multi-Toeplitz operators associated with the polydomain
Dm
f
. For each i ∈ {1, . . . , k}, let F 2ni,mi be the Hilbert space of formal power series in noncommutative
indeterminates Zi,1, . . . , Zi,ni with complete orthogonal basis {Zi,α : α ∈ F+ni} with the property that
‖Zi,α‖i,mi := 1√
b
(mi)
i,α
. It is clear that
F 2ni,mi =
ϕ := ∑
α∈F+ni
aαZi,α : aα ∈ C and ‖ϕ‖2i,mi :=
∑
α∈F+ni
1
b
(mi)
i,α
|aα|2 <∞
 .
Note that F 2ni,mi can be seen as a weighted Fock space with ni generators. The left multiplication
operators Li,1, . . . , Li,ni are defined by Li,jξ := Zi jξ for all ξ ∈ F 2i,mi . For each i ∈ {1, . . . , k} and
j ∈ {1, . . . , ni}, we define the operator Li,j acting on the tensor Hilbert space F 2n1,m1 ⊗ · · · ⊗ F 2nk,mk by
setting
Li,j := I ⊗ · · · ⊗ I︸ ︷︷ ︸
i− 1 times
⊗Li,j ⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
k − i times
.
We remark that Ui,mi : F
2(Hni) → F 2ni,mi defined by Ui,mi(eiα) :=
√
b
(mi)
α Zi,α, α ∈ F+ni , is a unitary
operator and Ui,miWi,j = Li,jUi,mi for any j ∈ {1, . . . , ni}. Now, it is easy to see that the operator
U := U1,m1 ⊗ · · · ⊗ Uk,mk : ⊗ki=1F 2(Hni) → ⊗ki=1F 2ni,mi is unitary and UWi,j = Li,jU for any i ∈
{1, . . . , k} and j ∈ {1, . . . , ni}. A straightforward calculation shows that T ∈ B(K
⊗⊗ki=1F 2(Hni)) is a
weighted multi-Toeplitz operator if and only if there exist operators {A(σ,β)}(σ,β)∈J ⊂ B(K) such that
the operator T ′ := (I ⊗U)T (I ⊗U∗) satisfies the relation
〈T ′(x⊗ Zγ), y ⊗ Zω〉 =
{
µ(ω,γ)
〈
As(ω,γ)x, y
〉
, if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+n × F+n )\C,
for any ω,γ ∈ F+
n
, where the weights {µ(ω,γ)}(ω,γ)∈C are given by
µ(ω,γ) :=
k∏
i=1
1
b
(mi)
i,max{ωi,γi}
.
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We remark that all the results of the present paper can be written in the setting of multi-Toeplitz
operators on tensor products of weighted Fock spaces. Let us mention a few particular cases which show
that our definition of multi-Toeplitz operators seems to be natural for our setting.
In the particular case when k = 1 and n1 = 1, the space F
2
1,m1 coincides with the weighted Bergman
space Am1(D). As seen in [27], T
′ is a Toeplitz operator with operator-valued bounded harmonic symbol
on D. In the scalar case when K = C, this class of operators was studied by Louhichi and Olofsson in
[12].
When ni = mi = 1 for i ∈ {1, . . . , k}, the tensor product F 21,1 ⊗ · · · ⊗ F 21,1 is identified with the Hardy
space H2(Dk). In this case, T ′ is a multi-Toeplitz operator if and only if T ′ = PH2(Dk)Mϕ|H2(Dk) for
some ϕ ∈ L∞(Tk). We should mention that a Brown-Halmos type characterization of Toeplitz operators
on H2(Dk) was recently obtained in [13].
In the particular case when ni = 1 for i ∈ {1, . . . , k}, m = (m1, . . . ,mk) ∈ Nk, and fi =
∑Ni
p=1 ai,pz
p
i
is a regular polynomial in zi, the tensor product F
2
1,m1 ⊗ · · · ⊗ F 21,mk is identified with the reproducing
kernel Hilbert space with reproducing kernel
κm(z, w) :=
k∏
i=1
1(
1−∑Nip=1 ai,pz¯pi wpi )mi , z = (z1, . . . , zk), w = (w1, . . . , wk) ∈ Dk.
All the results of the present paper hold, in particular, for these reproducing kernel Hilbert spaces, which
include the Hardy space, the Bergman space, and the weighted Bergman space over the polydisk.
In what follows, we set Wα := W1,α1 · · ·Wk,αk , if α = (α1, . . . , α2) ∈ F+n := F+n1 × · · · × F+nk . We
recall from [27] the following straightforward technical result which follows right away using the definition
of the universal model W.
Lemma 1.6. If γ ∈ F+n , then the family {WαW∗βeγ}(α,β)∈J consists of pairwise orthogonal vectors.
Moreover, if (α,β) ∈ J and ω,γ ∈ F+
n
, then〈
WαW
∗
βeγ , eω
〉 6= 0
if and only if (ω,γ) ∈ C and s(ω,γ) = (α,β).
If s := (s1, . . . , sk) ∈ Zk, we use the notation
J s :=
{
(α,β) := (α1, . . . , αk, β1, . . . , βk) : αi, βi ∈ F+ni with |αi| = s+i , |βi| = s−i
}
.
Note that J = ∪s∈ZkJ s. We remark that the operator
qs(W,W
∗) :=
∑
(α,β)∈J s
A(α,β) ⊗WαW∗β,
where A(α,β) ∈ B(K) is a weighted multi-Toeplitz operator and also a multi-homogeneous operator of
degree s. This fact can be checked easily using the definition of the universal model W. The next result
shows that any weighted multi-Toeplitz operator which is multi-homogeneous operator of degree s ∈ Zk
has this form.
Theorem 1.7. Let s := (s1, . . . , sk) ∈ Zk and let A ∈ B(K
⊗⊗ks=1F 2(Hns)) be a multi-homogeneous
operator of degree s. If A is a weighted multi-Toeplitz operator, then
Af = qs(W,W
∗)f, f ∈ K
⊗
⊗ks=1F 2(Hns),
where
qs(W,W
∗) :=
∑
(α,β)∈J s
C(α,β) ⊗WαW∗β,
and the coefficients C(α,β) ∈ B(K) are given by
〈
C(α1,...,αk,β1,...,βk)h, ℓ
〉
:=
(
k∏
i=1
√
b
(mi)
i,αi
b
(mi)
i,βi
)
〈A(h⊗ x), ℓ⊗ y〉 , h, ℓ ∈ K,
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where x := x1 ⊗ · · · ⊗ xk, y = y1 ⊗ · · · ⊗ yk with{
xi = e
i
βi
and yi = 1, if si ≤ 0
xi = 1 and yi = e
i
αi , if si > 0
for every i ∈ {1, . . . , k}.
Proof. First, we prove that any weighted multi-Toeplitz operator T ∈ B(K⊗⊗ks=1F 2(Hns)) has a unique
formal Fourier representation
ϕT (W,W
∗) :=
∑
(α,β)∈J
A(α,β) ⊗WαW∗β,
where {A(α,β)}(α,β)∈J are some operators on the Hilbert space K, such that
Tζ = ϕT (W,W
∗)ζ, ζ ∈ PK ,
where PK is the linear span of all vectors of the form h⊗ e1α1 ⊗ · · · ⊗ ekαk , where h ∈ K, αi ∈ F+ni . Due to
Definition 1.4, there exist operators {A(α,β)}(α,β)∈J ⊂ B(K), such that〈
A(α,β)h, ℓ
〉
=
1
τ(α,β)
〈T (h⊗ eβ), ℓ ⊗ eα〉 , h, ℓ ∈ K.
A closer look at the later relation, reveals that the coefficients A(α,β) are satisfying the relation〈
A(α1,...,αk,β1,...,βk)h, ℓ
〉
=
(
k∏
i=1
√
b
(mi)
i,αi
b
(mi)
i,βi
)
〈T (h⊗ x), ℓ ⊗ y〉 , h, ℓ ∈ K,
where x := x1 ⊗ · · · ⊗ xk, y = y1 ⊗ · · · ⊗ yk with{
xi = e
i
βi
and yi = 1, if si ≤ 0
xi = 1 and yi = e
i
αi , if si > 0
for every i ∈ {1, . . . , k}. Consequently, if γ ∈ F+n and h ∈ K, we have
T (h⊗ eγ) =
∑
ω∈F+n :(ω,γ)∈C
τ(ω,γ)As(ω,γ)h⊗ eω
is a vector in K⊗⊗ki=1F 2(Hni). This shows that the series
(1.2)
∑
ω∈F+n :(ω,γ)∈C
τ2(ω,γ)A
∗
s(ω,γ)As(ω,γ) is WOT-convergent.
Consider the formal power series
ϕT (W,W
∗) :=
∑
(α,β)∈J
A(α,β) ⊗WαW∗β.
In what follows, we show that
ϕT (W,W
∗)(x⊗ eγ) :=
∑
(α,β)∈J
A(α,β)x⊗WαW∗βeγ
is convergent for any x ∈ K and γ ∈ F+
n
. According to Lemma 1.6, if ω,γ ∈ F+
n
, then〈
WαW
∗
βeγ , eω
〉 6= 0
if and only if (ω,γ) ∈ C and s(ω,γ) = (α,β). In this case, a straightforward computation reveals that〈
WαW
∗
βeγ , eω
〉
= τ(ω,γ). Due to Parseval’s identity, we have
‖WαW∗βeγ‖2 =
∑
ω∈F+n
∣∣〈WαW∗βeγ , eω〉∣∣2
=
∑
ω∈F
+
n :(ω,γ)∈C
s(ω,γ)=(α,β)
∣∣〈WαW∗βeγ , eω〉∣∣2 = ∑
ω∈F
+
n :(ω,γ)∈C
s(ω,γ)=(α,β)
τ2(ω,γ).
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Now, using again Lemma 1.6, we deduce that
‖ϕT (W,W∗)(x⊗ eγ)‖2 =
∑
(α,β)∈J
‖A(α,β)x‖2
∑
ω∈F
+
n :(ω,γ)∈C
s(ω,γ)=(α,β)
τ2(ω,γ)
=
∑
ω∈F+n :(ω,γ)∈C
‖As(ω,γ)x‖2τ2(ω,γ).
Note that the later expression is finite due to relation (1.2). Using Definition 1.4 and the results above,
we deduce that
〈ϕT (W,W∗)(x⊗ eγ , y ⊗ eω〉 =
∑
(α,β)∈J
〈
A(α,β)x, y
〉 〈
WαW
∗
βeγ , eω
〉
=
{
τ(ω,γ)
〈
As(ω,γ)x, y
〉
, if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+
n
× F+
n
)\C,
= 〈T (x⊗ eγ), y ⊗ eω〉 .
Consequently, we have ϕT (W,W
∗)(x⊗ eγ) = T (x⊗ eγ) for any x ∈ K and γ ∈ F+n . It remains to prove
the uniqueness of the Fourier representation. To this end, assume that ϕ(W,W∗) :=
∑
(α,β)∈J A
′
(α,β)⊗
WαW
∗
β is a formal series such that Tζ = ϕ(W,W
∗)ζ for any ζ ∈ K. On the other hand, if (α,β) ∈ J
then s(α,β) = (α,β). In this case, we have
〈ϕT (W,W∗)(x⊗ eβ, y ⊗ eα〉 = τ(α,β))
〈
A(α,β)x, y
〉
and
〈ϕ(W,W∗)(x⊗ eβ, y ⊗ eα〉 = τ(α,β)
〈
A′(α,β)x, y
〉
.
Since ϕT (W,W
∗)ζ = ϕ(W,W∗)ζ and τ(α,β) 6= 0, the relations above imply A(α,β) = A′(α,β) for any
(α,β) ∈ J , which proves our assertion.
Now, assume that A ∈ B(K⊗⊗ks=1F 2(Hns)) is a weighted multi-Toeplitz operator which is also
multi-homogeneous operator of degree s = (s1, . . . , sk) ∈ Zk. Due to the first part of the proof, A has a
unique formal Fourier representation
ϕA(W,W
∗) :=
∑
(α,β)∈J
C(α,β) ⊗WαW∗β =
∑
t=(t1,...,tk)∈Zk
qt(W,W
∗),
where
qt(W,W
∗) :=
∑
(α,β)∈J t
C(α,β)∈J ⊗WαW∗β
and the coefficients C(α,β) ∈ B(K) are defined in the theorem, and such that
Aζ = ϕA(W,W
∗)ζ, ζ ∈ PK .
If ζ ∈ K⊗Ep1,...,pk , then qt(W,W∗)ζ ∈ K⊗Et1+p1,...,tk+pk and, since A is a multi-homogeneous operator
of degree s, we have Aζ ∈ K ⊗ Es1+p1,...,sk+pk . Consequently, since the subspaces {Ep1,...,pk}(p1,...,pk)∈Zk
are orthogonal and
Aζ =
∑
t=(t1,...,tk)∈Zk
qt(W,W
∗)ζ,
we deduce that Aζ = qs(W,W
∗)ζ for any ζ ∈ K ⊗ Ep1,...,pk . Using the fact that
⊗ks=1F 2(Hns) =
⊕
(p1,...,pk)∈Zk
Ep1,...,pk ,
we conclude that A = qs(W,W
∗), which completes the proof. 
We should record the following result that was proved in the proof of Theorem 1.7.
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Corollary 1.8. Any weighted multi-Toeplitz operator T ∈ B(K⊗⊗ks=1F 2(Hns)) has a unique formal
Fourier representation
ϕT (W,W
∗) :=
∑
(α,β)∈J
A(α,β) ⊗WαW∗β,
where {A(α,β)}(α,β)∈J are some operators on the Hilbert space K, such that
Tζ = ϕT (W,W
∗)ζ, ζ ∈ PK .
The formal Fourier series ϕT (W,W
∗) associated with the weighted multi-Toeplitz operator T can be
viewed as its noncommutative symbol. In the next section, we provide necessary and sufficient conditions
on a formal series
∑
(α,β)∈J A(α,β) ⊗WαW∗β to be the Fourier series of a weighted multi-Toeplitz
operator.
The last result of this section shows that for a large class of polydomains the associated weighted
multi-Toeplitz operators contain no non-zero compact operators.
Theorem 1.9. Let Dm
f
be a noncommutative polydomain where the coefficients b
(mi)
i,α associated to f
satisfy the condition
sup
α∈F+ni
b
(mi)
i,gijα
b
(mi)
i,α
<∞, i ∈ {1, . . . , k}, j ∈ {1, . . . , ni}.
If T ∈ B(⊗ks=1F 2(Hns)) is a compact weighted multi-Toeplitz operator, then T = 0.
Proof. Let (ω′,γ′) ∈ J and let (ω,γ) ∈ C be such that s(ω,γ) = (ω′,γ′). Due to Proposition 1.5, we
have
(1.3) 〈Teγ , eω〉 =
τ(ω,γ)
τ(ω′,γ′)
〈Teγ′ , eω′〉 .
The condition in the theorem implies that for any σ ∈ F+ni , we have
(1.4) sup
α∈Fni
b
(mi)
i,σα
bi,α
<∞.
On the other hand, we have
τ(ω,γ)
τ(ω′,γ′)
=
 k∏
i=1
√√√√ b(mi)i,min{ωi,γi}
b
(mi)
i,max{ωi,γi}
( k∏
i=1
√
b
(mi)
i,max{ω′i,γ
′
i}
)
.
Using relation (1.4), we deduce that
lim inf
|min{ωi,γi}|→∞
b
(mi)
i,min{ωi,γi}
b
(mi)
i,max{ωi,γi}
> 0,
which implies
(1.5) lim inf
|min{ωi,γi}|→∞
τ(ω,γ)
τ(ω′,γ′)
> 0.
Note that if |min{ωi, γi}| → ∞ for each i ∈ {1, . . . , k}, then eγ → 0 weakly. If T is compact operator,
then Teγ → 0 in norm. Using relations (1.3) and (1.5), we deduce that 〈Teγ′ , eω′〉 = 0. Now, using again
relation (1.3), we deduce that 〈Teγ , eω〉 = 0 for any (ω,γ) ∈ C such that s(ω,γ) = (ω′,γ′). Taking into
account Proposition 1.5, we conclude that T = 0. The proof is complete. 
We should mention that the later theorem was proved in [27] in the particular case of the poly-hyperball.
In what follows we present another class of polydomains for which Theorem 1.9 holds.
Let ϕ := (ϕ1, . . . , ϕk) be the k-tuple of positive regular free holomorphic functions defined by
ϕi =
∑
α∈F+ni ,|α|≥1
Zi,α.
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Corollary 1.10. If T ∈ B(⊗ks=1F 2(Hns)) is a compact weighted multi-Toeplitz operator with respect to
the poldomain Dmϕ , then T = 0.
Proof. Let α ∈ F+ni be such that |α| = d ∈ {1, . . . , k}. Note that if j ∈ {1, . . . , d}, then each tuple
(q1, . . . , qj) ∈ Nk with q1 + · · ·+ qj = d corresponds to a unique tuple (γ1, . . . γj) with γs ∈ F+ni such that
γ1 · · · γj = α and |γ1| = q1,. . . , |γj | = qj . On the other hand, it is well-known that
card
{
(q1, . . . , qj) ∈ Nk : q1 + · · ·+ qj = d
}
=
(
d− 1
j − 1
)
.
Taking into account that
b
(mi)
i,α :=
|α|∑
j=1
∑
γ1,...,γj∈F
+
ni
γ1···γj=α
|γ1|≥1,...,|γj |≥1
ai,γ1 · · · ai,γj
(
j +mi − 1
mi − 1
)
if α ∈ F+ni , |α| ≥ 1,
and ai,α = 1 for any α ∈ F+ni . we deduce that
b
(mi)
i,α =
d∑
j=1
(
d− 1
j − 1
)(
j +mi − 1
mi − 1
)
.
Consider the polynomial
pd(x) := x
mi(1 + x)d =
(
d
0
)
xmi +
(
d
1
)
xmi+1 + · · ·+
(
d
d
)
xmi+d
and note that the derivative of pd of order mi − 1 satisfies the relation
p
(mi−1)
d (1)
(mi − 1)! =
d+1∑
j=1
(
d
j − 1
)(
j +mi − 1
mi − 1
)
.
Consequently, we have
b
(mi)
i,gijα
b
(mi)
i,α
=
p
(mi−1)
d (1)
p
(mi−1)
d−1 (1)
.
In order to apply Theorem 1.9, we need to prove that
p
(mi−1)
d
(1)
p
(mi−1)
d−1 (1)
is bounded as d → ∞. First, note that
if mi = 1, then
pd(1)
pd−1(1)
= 2. Now assume that mi ≥ 2. A careful straightforward computation leads to
the fact
p
(mi−1)
d (1) = 2
d−mi+1 [d(d− 1) · · · (d−mi + 2) + qmi−2(d)] ,
where qmi−2 is a polynomial of degree mi − 2 in the variable d. Then, we obtain
p
(mi−1)
d (1)
p
(mi−1)
d−1 (1)
=
2d−mi+1 [d(d− 1) · · · (d−mi + 2) + qmi−2(d)]
2d−mi [(d− 1)(d− 2) · · · (d−mi + 1) + qmi−2(d− 1)]
,
which converges to 2 as d→∞. Now, applying Theorem 1.9, we can complete the proof. 
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2. Characterizations of weighted multi-Toeplitz operators associated with
polydomains
In this section, we characterize the weighted multi-Toeplitz operators in terms of bounded free k-
pluriharmonic functions on the radial part of Dm
f
and also characterize the formal series which are
noncommutative Fourier representations of weighted multi-Toeplitz operators.
The noncommutative Berezin kernel associated with any element X = {Xi,j} in the noncommutative
polydomain Dm
f
(H) is the operator
Kf ,X : H → F 2(Hn1)⊗ · · · ⊗ F 2(Hnk)⊗∆mf ,X(I)(H)
defined by
Kf ,Xh :=
∑
βi∈F
+
ni
,i=1,...,k
√
b
(m1)
1,β1
· · ·
√
b
(mk)
k,βk
e1β1 ⊗ · · · ⊗ ekβk ⊗∆mf ,X(I)1/2X∗1,β1 · · ·X∗k,βkh,
where the defect operator is given by
∆mf ,X(I) := (id− Φf1,X1)m1 ◦ · · · ◦ (id− Φfk,Xk)mk(I).
The noncommutative Berezin kernel associated with a k-tuple X = (X1, . . . , Xk) in the noncommutative
polydomain Dm
f
(H) has the following properties.
(i) Kf ,X is a contraction and
K∗f ,XKf ,X = limqk→∞
. . . lim
q1→∞
(id− Φqkf1,Xk) ◦ · · · ◦ (id− Φ
q1
fk,X1
)(I).
where the limits are in the weak operator topology.
(ii) If X is pure, i.e. Φpfi,Xi(I)→ 0 strongly as p→∞, then
K∗
f ,XKf ,X = IH.
(iii) For any i ∈ {1, . . . , k} and j ∈ {1, . . . , ni},
Kf ,XX
∗
i,j = (W
∗
i,j ⊗ I)Kf ,X.
More on noncommutative Berezin transforms associated with noncommutative domains and polydomains
can be found in [16], [19], [20], [21], and [22].
The radial part of Dm
f
is the noncommutative domain Dm
f ,rad whose representation on any Hilbert
space H is
Dmf ,rad(H) := ∪r∈[0,1)rDmf (H).
In what follows, we also use the notation Xα := X1,α1 · · ·Xk,αk whenever α := (α1, . . . , αk) ∈ F+n :=
F+n1 × · · · × F+nk , and set |α| := |α1|+ · · ·+ |αk|.
Definition 2.1. We say that F is a free k-pluriharmonic function on the radial part of Dm
f
with coeffi-
cients in B(K), if its representation on a Hilbert space H has the form
F (X) =
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
A(α,β) ⊗XαX∗β
for any X ∈ Dm
f ,rad(H), where the convergence is in the operator norm topology.
An application of the noncommutative Berezin transforms associated with polydomains reveals that
F is a free k-pluriharmonic function on the radial part of Dmn with coefficients in B(K), if and only if the
series ∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
r|α|+|β|A(α,β) ⊗WαW∗β
convergences in the operator norm topology for any r ∈ [0, 1). A free k-pluriharmonic function on the
radial part of Dm
f
is called bounded if
‖F‖ := sup
X∈Dm
f,rad
(H)
||F (X)‖ <∞,
where the supremum is taken over all Hilbert spaces H.
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In what follows, we need the following result from [27].
Lemma 2.2. If T ∈ B(K⊗⊗ks=1F 2(Hns)) and {Ts}s=(s1,...,sk)∈Zk are the multi-homogeneous parts of
T , then
Tf = lim
N1→∞
. . . lim
Nk→∞
∑
s=(s1,...,sk)∈Zk,|sj|≤Nj
(
1− |s1|
N1 + 1
)
· · ·
(
1− |sk|
Nk + 1
)
Tsf
for any f ∈ K⊗⊗ks=1F 2(Hns). Moreover,
Tf = lim
N1→∞
. . . lim
Nk→∞
∑
s=(s1,...,sk)∈Zk,|sj|≤Nj
Tsf
for any f ∈ K ⊗ Ep1,...,pk and any (p1, . . . , pk) ∈ Zk.
Recall that, for each s = (s1, . . . , sk) ∈ Zk,
J s :=
{
(α,β) := (α1, . . . , αk, β1, . . . , βk) : αi, βi ∈ F+ni with |αi| = s+i , |βi| = s−i
}
and J = ∪s∈ZkJ s.
The main result of this section is the following
Theorem 2.3. If T ∈ B(K⊗⊗ks=1F 2(Hns)), then the following statements are equivalent.
(i) T is a weighted multi-Toeplitz operator.
(ii) There is a bounded free k-pluriharmonic function F on the radial polydomain Dm
f ,rad with coeffi-
cients in B(K) such that
T = SOT- lim
r→1
F (rW).
Moreover, the function F is uniquely determined with the properties above, and
‖T ‖ = sup
r∈[0,1)
‖F (rW)‖ = lim
r→1
‖F (rW)‖ = sup
ζ∈PK,‖ζ‖≤1
‖F (W)ζ‖.
Proof. Assume that T is a weighted multi-Toeplitz operator and let {Ts}s=(s1,...,sk)∈Zk be the multi-
homogeneous parts of T . First, we need to show that the multi-homogeneous parts of T are also weighted
multi-Toeplitz operators. Since T ∈ B(K⊗⊗ks=1F 2(Hns)) is a weighted multi-Toeplitz, for any ω,γ ∈
F+n ,
〈T (x⊗ eγ), y ⊗ eω〉 =
{ τ(ω,γ)
τ(ω′,γ′)
〈T (x⊗ eγ′), y ⊗ eω′〉 , if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+
n
× F+
n
)\C,
where (ω′,γ′) := s(ω,γ) when (ω,γ) ∈ C. Let ω = (ω1, . . . , ωk) , γ = (γ1, . . . , γk), ω′ = (ω′1, . . . , ω′k) ,
γ′ = (γ′1, . . . , γ
′
k) be in F
+
n
such that (ω,γ) ∈ C and let (ω′,γ ′) := s(ω,γ). Note that
Γ(eiθ)∗eω = e
−i|ω1|θ1 · · · e−i|ωk|θkeω,
and |γi| − |ωi| = |γ′i| − |ω′i| for any i ∈ {1, . . . , k}. Using the relations above, we deduce that〈(
IK ⊗ Γ(eiθ)
)
T
(
IK ⊗ Γ(eiθ)
)∗
(x ⊗ eγ), y ⊗ eω
〉
= e−i(|γ1|−|ω1|)θ1 · · · e−i(|γk|−|ωk|)θk 〈T (x⊗ eγ), y ⊗ eω〉
=
τ(ω,γ)
τ(ω′,γ′)
e−i(|γ
′
1|−|ω
′
1|)θ1 · · · e−i(|γ′k|−|ω′k|)θk 〈T (x⊗ eγ′), y ⊗ eω′〉
=
τ(ω,γ)
τ(ω′,γ′)
〈(
IK ⊗ Γ(eiθ)
)
T
(
IK ⊗ Γ(eiθ)
)∗
(x⊗ eγ′), y ⊗ eω′
〉
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Consequently, we have
〈Ts(x⊗ eγ), y ⊗ eω〉
=
(
1
2π
)k ∫ 2pi
0
· · ·
∫ 2pi
0
e−is1θ1 · · · e−iskθk
〈(
IK ⊗ Γ(eiθ)
)
T
(
IK ⊗ Γ(eiθ)
)∗
(x⊗ eγ), y ⊗ eω
〉
dθ1 . . . dθk
=
τ(ω,γ)
τ(ω′,γ′)
(
1
2π
)k ∫ 2pi
0
· · ·
∫ 2pi
0
e−is1θ1 · · · e−iskθk
〈(
IK ⊗ Γ(eiθ)
)
T
(
IK ⊗ Γ(eiθ)
)∗
(x⊗ eγ′), y ⊗ eω′
〉
dθ1 . . . dθk
=
τ(ω,γ)
τ(ω′,γ′)
〈Ts(x⊗ eγ′), y ⊗ eω′〉 .
On the other hand, if (ω,γ) ∈ (F+n ×F+n )\C, then similar calculations show that 〈Ts(x⊗ eγ), y ⊗ eω〉 = 0.
Consequently, Ts is a weighted multi-Toeplitz operator.
Now, we can apply Theorem 1.7 to deduce that
Tsg = qs(W,W
∗)g, g ∈ K
⊗
⊗ks=1F 2(Hns),
where
(2.1) qs(W,W
∗) :=
∑
(α,β)∈J s
A(α,β) ⊗WαW∗β,
for some operators A(α,β) ∈ B(K). On the other hand, according to Lemma 2.2, we have
Tf = lim
N1→∞
. . . lim
Nk→∞
∑
s=(s1,...,sk)∈Zk,|sj|≤Nj
Tsf
for any f ∈ K ⊗ Ep1,...,pk and any (p1, . . . , pk) ∈ Zk. Denote by PK the linear span of all vectors of the
form h⊗ e1α1 ⊗ · · · ⊗ ekαk , where h ∈ K, αi ∈ F+ni . Combining the results above, we deduce that
(2.2) Tζ = lim
N1→∞
. . . lim
Nk→∞
∑
s=(s1,...,sk)∈Zk,|sj |≤Nj
qs(W,W
∗)ζ, ζ ∈ PK.
We remark that, for any x, y ∈ K⊗⊗ks=1F 2(Hns), we have
| 〈Tsx, y〉 | ≤
(
1
2π
)k ∫ 2pi
0
· · ·
∫ 2pi
0
| 〈T (IK ⊗ Γ(eiθ)∗)x, (IK ⊗ Γ(eiθ)∗) y〉 |dθ1 . . . dθk
≤ ‖T ‖‖x‖‖y‖,
which implies ‖Ts‖ ≤ ‖T ‖ for any s := (s1, . . . , sk) ∈ Zk. As a consequence, we deduce that the series∑
s∈Zk
qs(rW, rW
∗) =
∑
s=(s1,...,sk)∈Zk
r|s1|+···+|sk|qs(W,W
∗) =
∑
s=(s1,...,sk)∈Zk
r|s1|+···+|sk|Ts
are convergent in the operator norm topology. Now, we prove that, for any ζ ∈ PK,
(2.3)
∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)ζ −
∑
s∈Zk
qs(W,W
∗)ζ
∥∥∥∥∥∥→ 0, as r → 1.
It is enough to prove the relation when ζ ∈ K ⊗ Ep1,...,pk . To this end, let ǫ > 0 and note that relation
(2.2), implies the existence of a finite set Γ ⊂ Zk such that
∥∥∥∑s∈Zk\Γ qs(W,W∗)ζ∥∥∥ < ǫ. Since the vectors
{qs(W,W∗)ζ}s∈Zk are pairwise orthogonal and∑
s∈Zk\Γ
‖qs(rW, rW∗)ζ‖2 =
∑
s=(s1,...,sk)∈Zk\Γ
r(|s1|+···+|sk|) ‖qs(W,W∗)ζ‖2 ≤ ǫ2,
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we deduce that∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)ζ −
∑
s∈Zk
qs(W,W
∗)ζ
∥∥∥∥∥∥ ≤
∑
s∈Γ
‖qs(rW, rW∗)ζ − qs(W,W∗)ζ‖
+
 ∑
s∈Zk\Γ
‖qs(rW, rW∗)ζ‖2
1/2 +
 ∑
s∈Zk\Γ
‖qs(W,W∗)ζ‖2
1/2
≤
∑
s∈Γ
‖qs(rW, rW∗)ζ − qs(W,W∗)ζ‖ + 2ǫ.
Taking r → 1, one can easily deduce relation (2.3). In what follows, we prove that
(2.4)
∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)
∥∥∥∥∥∥ ≤ ‖T ‖, r ∈ [0, 1).
We recall that the noncommutative Berezin kernel associated with rW ∈ Dmn (⊗ki=1F 2(Hni)) is de-
fined on ⊗ki=1F 2(Hni) with values in ⊗ki=1F 2(Hni) ⊗ DrW ⊂
(⊗ki=1F 2(Hni)) ⊗ (⊗ki=1F 2(Hni)), where
DrW := ∆mrW(I)(⊗ki=1F 2(Hni)). Let γ = (γ1, . . . , γk) and ω = (ω1, . . . , ωk) be k-tuples in F+n , set
q := max{|γ1|, . . . |γk|, |ω1|, . . . , |ωk|}, and define the operator
Tq :=
∑
s1∈Z,|s1|≤q
· · ·
∑
sk∈Z,|sk|≤q
∑
(α,β)∈J s
A(α,β) ⊗WαW∗β,
where we use the notation Wα := W1,α1 · · ·Wk,αk if α := (α1, . . . , αk) ∈ Fn+ := F+n1 × · · · × F+nk . We
also set eα := e
1
α1 ⊗ · · · ⊗ ekαk and b
(m)
α :=
√
b
(m1)
1,α1
· · ·
√
b
(mk)
k,αk
.
Using the definition of the noncommutative Berezin kernel KrW and that of the universal model W,
we deduce that〈
(IK ⊗K∗rW)(T ⊗ I⊗ki=1F 2(Hni ))(IK ⊗KrW)(h⊗ eγ), h
′ ⊗ eω
〉
=
〈
(T ⊗ I⊗ki=1F 2(Hni ))
∑
α∈F+n
h⊗ b(m)α eα ⊗∆rW(I)1/2W∗α(eγ) ,
∑
β∈F+n
h′ ⊗ b(m)β eβ ⊗∆rW(I)1/2W∗β(eω)
〉
=
∑
α∈F+n
∑
β∈F+n
〈
T (h⊗ b(m)α eα)⊗∆rW(I)1/2W∗α(eγ), h′ ⊗ b(m)β eβ ⊗∆rW(I)1/2W∗β(eω)
〉
=
∑
α∈F+n
∑
β∈F+n
〈
T (h⊗ b(m)α eα), h′ ⊗ b(m)β eβ
〉〈
∆rW(I)
1/2W∗α(eγ),∆rW(I)
1/2W∗β(eω)
〉
=
∑
s1∈Z,|s1|≤q
· · ·
∑
sk∈Z,|sk|≤q
∑
αi,βi∈F
+
nk
,i∈{1,...,k}
|αi|=s
+
i
,|βi|=s
−
i
〈
Tq(h⊗ b(m)α eα), h′ ⊗ b(m)β eβ
〉
×
〈
∆rW(I)
1/2W∗α(eγ),∆rW(I)
1/2W∗β(eω)
〉
=
∑
α∈F+n
∑
β∈F+n
〈
Tq(h⊗ b(m)α eα), h′ ⊗ b(m)β eβ
〉〈
∆rW(I)
1/2W∗α(eγ),∆rW(I)
1/2W∗β(eω)
〉
.
On the other hand, note that the later sum is equal to
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〈
(IK ⊗K∗rW)(Tq ⊗ I⊗ki=1F 2(Hni ))(IE ⊗KrW)(h⊗ eγ), h
′ ⊗ eω
〉
=
∑
s1∈Z,|m1|≤q
· · ·
∑
sk∈Z,|mk|≤q
∑
αi,βi∈F
+
nk
,i∈{1,...,k}
|αi|=s
+
i
,|βi|=s
−
i〈(
A(α1,...,αk,β1,...,βk) ⊗ r
∑k
i=1(|αi|+|βi|)WαW
∗
β
)
(h⊗ eγ), h′ ⊗ eω
〉
=
〈∑
s∈Zk
qs(rW, rW
∗)(h⊗ eγ), h′ ⊗ eω
〉
.
Hence, we deduce that
(IK ⊗K∗rW)(T ⊗ I⊗ki=1F 2(Hni ))(IK ⊗KrW) =
∑
s∈Zk
qs(rW, rW
∗)
for any r ∈ [0, 1). Since the noncommutative Berezin kernel KrW is an isometry, we obtain inequality
(2.4). In what follows, we prove that
(2.5) SOT- lim
r→1
∑
s∈Zk
qs(rW, rW
∗) = T.
Indeed, let ǫ > 0 and ψ ∈ K⊗⊗ks=1F 2(Hns). Then there is ζ ∈ PK such that ‖ψ − ζ‖ < ǫ and, due to
relations (2.2) and (2.4), we deduce that∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)ψ − Tψ
∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)(ψ − ζ)
∥∥∥∥∥∥
+
∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)ζ −
∑
s∈Zk
qs(W,W
∗)ζ
∥∥∥∥∥∥+
∥∥∥∥∥∥
∑
s∈Zk
qs(W,W
∗)ζ − Tψ
∥∥∥∥∥∥
≤ 2‖T ‖‖ψ− ζ‖ +
∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)ζ −
∑
s∈Zk
qs(W,W
∗)ζ
∥∥∥∥∥∥
≤ 2‖T ‖ǫ+
∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)ζ −
∑
s∈Zk
qs(W,W
∗)ζ
∥∥∥∥∥∥
Consequently, using relation (2.3), we deduce that
lim sup
r→1
∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)ψ − Tψ
∥∥∥∥∥∥ ≤ 2‖T ‖ǫ
for any ǫ > 0. Hence, we can see that relation (2.5) holds. Note that F (X) :=
∑
s∈Zk qs(X,X
∗) is a free
k-pluriharmonic function on the radial polydomain Dm
f ,rad.
Now, we prove the converse (ii) =⇒ (i). To this end, assume that there is a free k-pluriharmonic
function F on the radial polydomainDm
f ,rad with coefficients in B(K) of the form F (X) =
∑
s∈Zk qs(X,X
∗)
such that T = SOT- limr→1 F (rW). Consequently,
F (rW) =
∑
s∈Zk
qs(rW, rW
∗),
where the convergence of the series is in the operator norm topology and qs(rW, rW)
∗ has the form
described by relation (2.1). Note that qs(W,W
∗) is a weighted multi-Toeplitz operator. Hence, we deduce
that F (rW) is weighted multi-Toeplitz operator as well. Taking into account that the set of weighted
multi-Toeplitz operators is WOT-closed and the fact that T = SOT- limr→1 F (rW), we conclude that T
a weighted multi-Toeplitz operator. Therefore condition (i) holds.
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Assume that F and G are bounded free k-pluriharmonic functions on the radial polydomain Dm
f ,rad
with coefficients in B(K) such that
T = SOT- lim
r→1
F (rW) = SOT- lim
r→1
G(rW).
Let F (X) :=
∑
(α,β)∈J A(α,β) ⊗XαX∗β and G(X) :=
∑
(α,β)∈J C(α,β) ⊗XαX∗β be the representations
of F and G, respectively. If ω,γ ∈ F+
n
and x, y ∈ K, we have
〈T (x⊗ eγ), y ⊗ eω〉 = lim
r→1
〈F (rW)(x ⊗ eγ), y ⊗ eω〉
= lim
r→1
{
τ(ω,γ)r
|s(ω,γ)|
〈
As(ω,γ)x, y
〉
, if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+n × F+n )\C
=
{
τ(ω,γ)
〈
As(ω,γ)x, y
〉
, if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+n × F+n )\C
Similarly, we can prove that
〈T (x⊗ eγ), y ⊗ eω〉 =
{
τ(ω,γ)
〈
Cs(ω,γ)x, y
〉
, if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+n × F+n )\C.
Now, it is clear that As(ω,γ) = Cs(ω,γ), which proves that F = G.
To prove the last part of the theorem, note that relation (2.2) implies ‖T ‖ = supζ∈PK,‖ζ‖≤1 ‖F (W)‖.
Taking into account relations (2.4) and (2.5), we deduce that ‖T ‖ = supr∈[0,1) ‖F (rW)‖. On the other
hand, using the noncommutative Berezin kernel, we have
F (r1W) = (IK ⊗K∗r1
r2
W
)(F (r2W)⊗ I⊗ki=1F 2(Hni ))(IK ⊗K r1r2W)
for any 0 ≤ r1 < r2 < 1. Since K∗r1
r2
W
is an isomery, we deduce that ‖F (r1W)‖ ≤ ‖F (r2W)‖. Now, it is
clear that supr∈[0,1) ‖F (rW)‖ = limr→1 ‖F (rW)‖. The proof is complete. 
Corollary 2.4. If T ∈ B(K⊗⊗ks=1F 2(Hns)), then the following statements are equivalent.
(i) T is a multi-Toeplitz operator.
(ii) T ∈ span
{
C ⊗WαW∗β : C ∈ B(K), (α,β) ∈ J
}−SOT
.
(iii) T ∈ span
{
C ⊗WαW∗β : C ∈ B(K), (α,β) ∈ J
}−WOT
.
If (α,β) ∈ F+
n
×F+
n
, we define its length to be |(α,β)| := |α1|+ · · ·+ |αk|+ |β1|+ · · ·+ |β|k. Similarly,
if s = (s1, . . . , sk) ∈ Zk, we set |s| := |s1|+ · · ·+ |sk|.
Theorem 2.5. Let {A(α,β)}(α,β)∈J be a family of operators on the Hilbert space K and let
ϕ(W,W∗) :=
∑
(α,β)∈J
A(α,β) ⊗WαW∗β =
∑
t∈Zk
qt(W,W
∗)
be a formal series. Then ϕ(W,W∗) is the Fourier representation of a weighted multi-Toeplitz operator
if and only if, for each γ ∈ F+
n
, the series∑
ω∈F+n :(ω,γ)∈C
τ2(ω,γ)A
∗
s(ω,γ)As(ω,γ) is WOT-convergent
and
sup
r∈[0,1)
sup
ζ∈PK,‖ζ‖≤1
‖ϕ(rW, rW∗)ζ‖ <∞.
In this case,
T = SOT- lim
r→1
ϕ(rW, rW∗) and ‖T ‖ = sup
r∈[0,1)
‖ϕ(rW, rW∗)‖.
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Proof. Assume that ϕ(W,W∗) is the Fourier representation of a weighted multi-Toeplitz operator T .
Then Tζ = ϕT (W,W
∗)ζ for any ζ ∈ PK . Note that the multi-homogeneous parts of T , i.e {Ts}s=(s1,...,sk)∈Zk
satisfy the following relations:
Tsf = (IK ⊗Ps1+p1+···+sk+pk)Tf
= (IK ⊗Ps1+p1+···+sk+pk)ϕ(W,W∗)f
= (IK ⊗Ps1+p1+···+sk+pk)
∑
t∈Zk
∑
(α,β)∈J t
(A(α,β) ⊗WαW∗β)f
for any f ∈ K ⊗ Ep1,...,pk . Consequently, taking into account that∑
(α,β)∈J t
(A(α,β) ⊗WαW∗β)f ∈ K ⊗ Et1+p1,...,tk+pk ,
we conclude that
Tsf =
∑
(α,β)∈J s
(A(α,β) ⊗WαW∗β)f, f ∈ K ⊗ Ep1,...,pk .
Since
⊗ks=1F 2(Hns) =
⊕
(p1,...,pk)∈Zk
Ep1,...,pk ,
we deduce that Ts =
∑
(α,β)∈J s
A(α,β) ⊗WαW∗β = qs(W,W∗) for any s = (s1, . . . , sk) ∈ Z+.
According to the proof of Theorem 2.3, we have ‖Ts‖ ≤ ‖T ‖ for any s ∈ Z+ and, as a consequence, the
series
∑
s=(s1,...,sk)∈Z+
r|s1|+···+|sk|Ts is convergent in the operator norm topology. Moreover, according
to inequality (2.4), we have ∥∥∥∥∥∥
∑
s∈Zk
qs(rW, rW
∗)
∥∥∥∥∥∥ ≤ ‖T ‖, r ∈ [0, 1),
which implies supr∈[0,1) ‖ϕ(rW, rW∗)ζ‖ < ∞ for any ζ ∈ PK. Moreover, in the proof of Theorem
2.3, we also proved that T = SOT- limr→1 ϕ(rW, rW
∗). On the other hand, Theorem 2.3 shows that
‖T ‖ = supr∈[0,1) ‖ϕ(rW, rW∗)‖. Consequently, supr∈[0,1) ‖ϕ(rW, rW∗)(h⊗ eγ)‖ < ∞ for each γ ∈ F+n
and h ∈ K. Since
ϕ(rW, rW∗)(x ⊗ eγ) =
∑
ω∈F+n :(ω,γ)∈C
r2|s(ω,γ)|τ2(ω,γ)‖‖As(ω,γ)x‖2,
we deduce that ∑
ω∈F+n :(ω,γ)∈C
τ2(ω,γ)A
∗
s(ω,γ)As(ω,γ) is WOT-convergent.
Due to the fact that
sup
r∈[0,1)
sup
ζ∈PK,‖ζ‖≤1
‖ϕ(rW, rW∗)ζ‖ = sup
r∈[0,1)
‖ϕ(rW, rW∗)‖ <∞,
the direct implication is proved.
Now, we prove the converse. Assume that, for each γ ∈ F+
n
, the series∑
ω∈F+n :(ω,γ)∈C
τ2(ω,γ)A
∗
s(ω,γ)As(ω,γ) is WOT-convergent
and
sup
r∈[0,1)
sup
ζ∈PK,‖ζ‖≤1
‖ϕ(rW, rW∗)ζ‖ <∞.
As in the proof of Theorem 1.7, it is easy to see that, for any h ∈ K,∑
ω∈F :(ω,γ)∈C
τ(ω,γ)As(ω,γ)h⊗ eω
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is a vector in K⊗⊗ki=1F 2(Hni) and, therefore, so are ϕ(W,W∗)ζ and ϕ(rW, rW∗)ζ for any ζ ∈ PK,
r ∈ [0, 1). Hence, we deduce that
(2.6) lim
r→1
ϕ(rW, rW∗)ζ = ϕ(W,W∗)ζ, ζ ∈ PK.
Using the fact that, for each r ∈ [0, 1),
sup
ζ∈PK,‖ζ‖≤1
‖ϕ(rW, rW∗)ζ‖ <∞,
we conclude that there is a bounded linear operator Dr ∈ B(K
⊗⊗ki=1F 2(Hni)) such that
(2.7) Drζ = ϕ(rW, rW
∗)ζ, ζ ∈ PK.
Note that, for any ω,γ ∈ F+n and h, ℓ ∈ K,
〈T (h⊗ eγ), ℓ⊗ eω〉 = 〈ϕ(rW, rW∗)(h⊗ eγ), ℓ⊗ eω〉
=
{
τ(ω,γ)
〈
r|s(ω,γ)|As(ω,γ)h, ℓ
〉
, if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+
n
× F+
n
)\C.
Consequently, Dr is a weighted multi-Toeplitz operator. Now, note that due to relation (2.6) and the
fact that supr∈[0,1) supζ∈PK,‖ζ‖≤1 ‖ϕ(rW, rW∗)ζ‖ <∞, we deduce that
sup
ζ∈PK,‖ζ‖≤1
‖ϕ(W,W∗)ζ‖ <∞.
Consequently, there is a bounded linear operator T on K⊗⊗ki=1F 2(Hni) such that Tζ = ϕ(W,W∗)ζ
for any ζ ∈ PK. Now, it is clear that
lim
r→1
Drζ = lim
r→1
ϕ(rW, rW∗)ζ = ϕ(W,W∗)ζ = Tζ
for any ζ ∈ PK and supr∈[0,1) ‖Dr‖ < ∞. This implies T = SOT- limr→1Dr. Since Dr is a weighted
multi-Toeplitz operator and the set of all weighted multi-Toeplitz operators is WOT-closed, we deduce
that T is a weighted multi-Toeplitz operator. Since Tζ = ϕ(W,W∗)ζ for any ζ ∈ PK, Corollary 1.8
shows that ϕ(W,W∗) is the formal Fourier representation of T . The proof is complete. 
3. Free k-pluriharmonic functions on polydomains
The results for the previous sections are used to prove that the bounded free k-pluriharmonic functions
on the radial polydomain Dm
f ,rad are precisely those that are noncommutative Berezin transforms of the
weighted multi-Toeplitz operators. In this setting, we solve the Dirichlet extension problem.
Denote byPH∞K (D
m
f ,rad) the set of all bounded free k-pluriharmonic functions on the radial polydomain
Dm
n,rad with coefficients in B(K). We define the norms ‖ · ‖m : Mm
(
PH∞K (D
m
f ,rad)
)
→ [0,∞), m ∈ N,
by setting
‖[Fij ]m‖m := sup ‖[Fij(X)]m‖,
where the supremum is taken over all elements X ∈ Dm
f ,rad(H) and any Hilbert space H. It is easy to see
that the norms ‖ · ‖m, m ∈ N, determine an operator space structure on PH∞K (Dmf ,rad), in the sense of
Ruan (see e.g. [7]).
The extended noncommutative Berezin transform at X ∈ Dm
f ,rad(H) is the map
B˜X : B(K
⊗
⊗i=1F 2(Hni))→ B(K) ⊗min B(H)
defined by
B˜X[g] := (IK ⊗K∗X) (g ⊗ IH) (IK ⊗KX) , g ∈ B(K
⊗
⊗ki=1F 2(Hni)),
where KX : H →
(⊗ki=1F 2(Hni))⊗H is noncommutative Berezin kernel associated with X ∈ Dmf ,rad(H).
Throughout this section, we assume that H is a separable infinitely dimensional Hilbert space. Con-
sequently, one can identify any free k-pluriharmonic function with its representation on H. Let T be the
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set of all of all weighted multi-Toeplitz operators on K ⊗⊗ki=1 F 2(Hni). As in [27], one can proves the
following characterization of bounded free k-pluriharmonic functions on the radial polydomain Dm
f ,rad.
Theorem 3.1. If F : Dm
f ,rad(H)→ B(K) ⊗min B(H), then the following statements are equivalent.
(i) F is a bounded free k-pluriharmonic function.
(ii) There exists T ∈ T such that
F (X) = B˜X[T ], X ∈ Dmf ,rad(H).
In this case, T = SOT- lim
r→1
F (rW). Moreover, the map
Φ : PH∞K (D
m
f ,rad)→ T defined by Φ(F ) := T
is a completely isometric isomorphism of operator spaces.
Proof. If item (i) holds, Theorem 2.3 shows that T := SOT- lim
r→1
F (rW) is a weighted multi-Toeplitz
operator and ‖T ‖ = supr∈[0,1) ‖F (rW)‖. On the other hand, we have
F (rX) = B˜X[F (rW)], X ∈ Dmf ,rad(H).
Taking r → 1, we deduce that F (X) = B˜X[T ] for X ∈ Dmf ,rad(H).
If item (ii) holds, then T is a weighted multi-Toeplitz operator. If ϕ(W,W∗) =
∑
s∈Zk qs(W,W
∗)
is its Fourier representation, Theorem 2.5 shows that ϕ(rW, rW∗) =
∑
s∈Zk qs(rW, rW
∗), r ∈ [0, 1), is
convergent in the operator norm topology, supr∈[0,1) ‖ϕ(rW, rW∗)‖ = ‖T ‖ and T = SOT- lim
r→1
F (rW).
Therefore, F (X) := ϕ(X,X)∗, X ∈ Dm
f ,rad(H), is a bounded free k-pluriharmonic function. The proof of
the last part of the theorem is exactly the same as the one from Theorem 4.1 from [27]. We omit it. 
We denote by PHcK(D
m
f ,rad) the set of all free k-pluriharmonic functions on the radial polydomain
Dm
f ,rad with operator-valued coefficients in B(K), which have continuous extensions (in the operator
norm topology) to Dm
f
(H), for any Hilbert space H. Here is the analogue of the Dirichlet extension
problem for polydomains.
Theorem 3.2. If F : Dm
f ,rad(H)→ B(K) ⊗min B(H), then the following statements are equivalent.
(i) F is a free k-pluriharmonic function on the radial polydomain Dm
f ,rad such that F (rW) converges
in the operator norm topology, as r → 1.
(ii) There exists T ∈ G := span
{
C ⊗WαW∗β : C ∈ B(K), (α;β) ∈ J
}‖·‖
such that
F (X) = B˜X[T ], X ∈ Dmf ,rad(H).
(iii) F is a free k-pluriharmonic function on the radial polydomain Dm
f ,rad(H) which has a continuous
extension (in the operator norm topology) to the polydomain Dm
f
(H).
In this case, T = lim
r→1
F (rW), where the convergence is in the operator norm. Moreover, the map
Φ : PHcK(D
m
f
)→ G defined by Φ(F ) := T
is a completely isometric isomorphism of operator spaces.
Proof. The equivalence (i)↔(ii) is due to Theorem 2.3, Corollary 2.4, Theorem 3.1, and the properties
of the noncommutative Berezin transform. Since the proof is straightforward, we leave it to the reader.
The implication (iii)→(i) is clear while the proof of the implication (ii)→(iii) uses Theorem 3.1. Since the
proof of the later implication and the last part of the theorem is exactly the same as the corresponding
proof of Theorem 4.3 from [27], we leave it to the reader. 
We denote by SK the norm-closed linear span of all the operators of the form C ⊗WαW∗β, where
C ∈ B(K) and α,β ∈ F+n := F+n1 × · · · × F+nk . The following result is an easy extension of Theorem 2.4
from [22]. We omit the proof.
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Theorem 3.3. If X ∈ Dm
f
(H), then there is a unital completely contractive linear map
Ψf ,X : SK → B(E)⊗¯minB(H)
such that
Ψf ,X(g) = lim
δ→1
B˜δX[g], g ∈ SK,
where the limit is in the operator norm topology. If, in addition, X is a pure tuple in Dm
f
(H), then
Ψf ,X(g) = B˜X[g], g ∈ SK.
In what follows, we show that the free k-pluriharmonic functions are characterized by a mean value
property.
Theorem 3.4. If F : Dm
f ,rad(H) → B(K)⊗¯minB(H) is a free k-pluriharmonic function, then it has the
mean value property, i.e
F (X) = Ψf , 1
r
X[F (rW)], X ∈ rDmf (H), r ∈ (0, 1).
Conversely, if a function
ϕ : [0, 1)→ G := span{C ⊗WαW∗β : C ∈ B(K), (α,β) ∈ J }‖·‖
satisfies the relation
ϕ(r) = B˜ r
t
W[ϕ(t)], for any 0 ≤ r < t < 1,
then the map G : Dm
f ,rad(H)→ B(E)⊗¯minB(H) defined by
G(X) := Ψ
f , 1
r
X
[ϕ(r)], X ∈ rDm
f
(H), r ∈ (0, 1),
is a free k-pluriharmonic function and G(rW) = ϕ(r) for any r ∈ [0, 1).
Proof. Let F : Dmf,rad(H)→ B(K)⊗min B(H) be a free pluriharmonic function with representation
F (X) =
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
A(α,β) ⊗XαX∗β, X ∈ Dmf ,rad(H),
where the convergence is in the operator norm topology. In particular, we have
F (rW) =
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
A(α,β) ⊗ r|α|+|β|WαW∗β, r ∈ [0, 1),
where the convergence is in the operator norm topology. Let X ∈ rDm
f
(H), r ∈ (0, 1), and note that
F (rW) ∈ G. Consequently, using the continuity of F on rDmf (H), we deduce that
Ψ
f , 1
r
X
[F (rW)] = lim
δ→1
B˜ δ
r
X
[F (rW)]
= lim
δ→1
F (δX) = F (X),
where r < δ < 1 and the limits are in the operator norm topology.
Now, we prove the converse. To this end, assume that a function ϕ : [0, 1)→ G satisfies the relation
(3.1) ϕ(r) = B˜ r
t
W[ϕ(t)], for any 0 ≤ r < t < 1.
Acording to Theorem 2.5 and Corollary 2.4, ϕ(r) is a weighed right multi-Toeplitz operator with unique
formal Fourier representation∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
r|α|+|β|A(α,β)(r)⊗WαW∗β
for some operators {A(α,β)(r)}(α,β)∈J in B(K). On the other hand, setting
ϕδ(r) :=
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
r|α|+|β|A(α,β)(r) ⊗ δ|α|+|β|WαW∗β, δ ∈ [0, 1),
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where the convergence of the series is in the operator norm topology, Theorem 2.5 shows that
(3.2) ϕ(r) = SOT- lim
δ→1
ϕδ(r) and sup
δ∈[0,1)
‖ϕδ(r)‖ = ‖ϕ(r)‖
for any r ∈ [0, 1). Taking into account that the map Y → Y ⊗ I is SOT-continuous on bounded sets,
one can easily see that the noncommutative Berezin transform B˜ r
t
W is SOT-continuous on bounded sets.
Due to relation (3.1) and the results above, we have
ϕ(r) = B˜ r
t
W[ϕ(t)] = SOT- lim
δ→1
B˜ r
t
W[ϕδ(t)]
= SOT- lim
δ→1
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
r|α|+|β|A(α,β)(t)⊗ δ|α|+|β|WαW∗β
 .
Since, due (3.2), we also have
ϕ(r) = SOT- lim
δ→1
ϕδ(r) = SOT- lim
δ→1
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
r|α|+|β|A(α,β)(r) ⊗ δ|α|+|β|WαW∗β
 ,
one can easily see that A(α,β)(r) = A(α,β)(t) for any (α,β) ∈ J and any 0 ≤ r < t < 1. Therefore, using
again relation (3.2), we deduce that
ϕ(r) =
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
r|α|+|β|A(α,β) ⊗WαW∗β, r ∈ [0, 1),
for some operators {A(α,β)}(α,β)∈J , where the convergence is in the operator norm topology. Conse-
quently,
G(X) :=
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
A(α,β) ⊗XαX∗β, X ∈ Dmf ,rad(H),
is a free k-pluriharmonic function and G(rW) = ϕ(r) for any r ∈ [0, 1). Note also that
G(X) = Ψ
f , 1
r
X
[ϕ(r)]
for any X ∈ rDm
f
(H) and r ∈ (0, 1). The proof is complete. 
Let G be a free k-pluriharmonic function with representation as above. We associate with G the
weighted multi-Toeplitz kernels ΓrG : F
+
n
× F+
n
→ B(K), r ∈ [0, 1), defined by
ΓrF (ω,γ) :=
{
τ(ω,γ)r
|s(ω,γ)|As(ω,γ), if (ω,γ) ∈ C,
0, if (ω,γ) ∈ (F+
n
× F+
n
)\C,
where the weights {τ(ω,γ)}(ω,γ)∈C are defined in Section 1.
Now, we prove a Schur type result characterizing the positive free k-pluriharmonic functions.
Theorem 3.5. Let G : Dm
f ,rad(H) → B(K)⊗¯minB(H) be a free k-pluriharmonic function. Then the
following statements are equivalent.
(i) G(X) ≥ 0 for any X ∈ Dm
f ,rad(H).
(ii) G(rW) ≥ 0 for any r ∈ [0, 1).
(iii) The weighted multi-Toeplitz kernel ΓrG is positive semidefinite for any r ∈ [0, 1).
Proof. Assume that G has the representation
G(X) :=
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
A(α,β) ⊗XαX∗β, X ∈ Dmf ,rad(H).
Since G(rW) is a weighted multi-Toeplitz operator, a careful computation shows that〈
G(rW)
∑
|β|≤q
hβ ⊗ eβ
 , ∑
|γ|≤q
hγ ⊗ eγ
〉
=
∑
|β|,|γ|≤q
〈ΓrG(γ,β)hβ, hγ〉
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for any hβ ∈ K, where β ∈ F+n and |β| ≤ q. Consequently, G(rW) ≥ 0 for any r ∈ [0, 1) if and only if
ΓrG is a positive semidefinite kernel for any r ∈ [0, 1). This shows that (ii) is equivalent to (iii).
On the other hand, for each X ∈ Dm
f ,rad(H), there is r ∈ (0, 1) such that X ∈ rDmf (H). Due to
Theorem 3.4, we have
G(X) = Ψ
f , 1
r
X
[G(rW)].
Since the noncommutative Berezin transform is a positive map, so is the map Ψf , 1
r
X. Now, it is clear
that if G(rW) ≥ 0 for any r ∈ [0, 1), then G(X) ≥ 0 for any X ∈ Dm
f ,rad(H). The converse is obviously
true, which completes the proof of the equivalence of (i) with (ii). 
Now, we prove an analogue of Weierstrass theorem for free k-pluriharmonic functions on the noncom-
mutative polydomain Dm
f ,rad(H).
Theorem 3.6. Let Fs : D
m
f ,rad(H) → B(K)⊗¯minB(H), s ∈ N, be a sequence of free k-pluriharmonic
functions such that, for any r ∈ [0, 1), the sequence {Fs(rW}∞s=1 is convergent in the operator norm
topology. Then there is a free k-pluriharmonic function F : Dm
f ,rad(H) → B(K)⊗¯minB(H) such that
Fs(rW) converges to F (rW), as s → ∞, for any r ∈ [0, 1). In particular, Fs converges to F uniformly
on any domain rDm
f
(H), r ∈ [0, 1).
Proof. Let Fs have the representation
Fs(X) =
∑
s1∈Z
· · ·
∑
sk∈Z
∑
(α,β)∈J s
A(α,β)(s)⊗XαX∗β, X ∈ Dmf ,rad(H),
for some operators {A(α,β)(s)}(α,β)∈J , where the convergence is in the operator norm topology. If
r ∈ [0, 1), then Fs(rW) is in the operator space
G := span
{
C ⊗WαW∗β : C ∈ B(K), (α,β) ∈ J
}‖·‖
.
Let ϕ : [0, 1)→ G be defined by
(3.3) ϕ(r) := lim
s→∞
Fs(rW) ∈ G, r ∈ [0, 1).
Note that, for any 0 ≤ r < t < 1, we have
B˜ r
t
W[ϕ(t)] = lim
s→∞
B˜ r
t
W[Fs(tW)] = lim
s→∞
Fs(rW) = ϕ(r),
where the limits are in the operator norm topology. Applying Theorem 3.4, we deduce that the map
F : Dm
f ,rad(H)→ B(E)⊗¯minB(H) defined by
F (X) := Ψ
f , 1
r
X
[ϕ(r)], X ∈ rDm
f
(H), r ∈ (0, 1),
is a free k-pluriharmonic function on Dm
f ,rad(H) and F (rW) = ϕ(r) for any r ∈ [0, 1). Using relation
(3.3), we deduce that F (rW) = limk→∞ Fk(rW), r ∈ [0, 1). Due to the noncommutative von Neumann
inequality for polydomains [22], we have
sup
X∈rDm
f
(H)
‖F (X)− Fs(X)‖ = ‖F (rW)− Fs(rW)‖,
which implies that Fs converges to F uniformly on any domain rD
m
f
(H), r ∈ [0, 1). The proof is
complete. 
Corollary 3.7. Let Gs : D
m
f ,rad(H) → B(K)⊗¯minB(H), s ∈ N, be a sequence of free pluriharmonic
functions such that {Gs(0)} is a convergent sequence in the operator norm topology and
G1 ≤ G2 ≤ · · · .
Then Gs converges to a free k-pluriharmonic function on D
m
f ,rad(H).
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Proof. Without loss of generality, we may assume that G1 ≥ 0, otherwise we take Fs := Gs −G1, s ∈ N.
Due to Harnack type inequality for positive free k-pluriharmonic functions on Dm
f ,rad(H) (see [25]), if
s ≥ q, then we have
‖Gs(X)−Gq(X)‖ ≤ ‖Gs(0)−Gq(0)‖1− r
1 + r
for any X ∈ rDm
f
(H). Consequently, since {Gs(0)} is a Cauchy sequence in the operator norm, we
conclude that {Gs} is a uniformly Cauchy sequence on rDmf (H). Hence, {Gs(rW)} is convergent in
the operator norm topology. Employing Theorem 3.6, we find a free k-pluriharmonic function G :
Dm
f ,rad(H) → B(K)⊗¯minB(H) such that Gs(rW) converges to G(rW), as s → ∞, for any r ∈ [0, 1). In
particular, Gs converges to G uniformly on any domain rD
m
f
(H), r ∈ [0, 1). The proof is complete. 
We denote by HarK(D
m
f ,rad) denote the set of all free k-pluriharmonic functions F : D
m
f ,rad(H) →
B(K)⊗¯minB(H). For F,G ∈ HarK(Dmf ,rad) and 0 < r < 1, we define
dr(F,G) := ‖F (rW )−G(rW )‖.
As before, we assume that H is a separable infinite dimensional Hilbert space. The noncommutative von
Neumann inequality for the polydomain Dm
f
(H) implies
dr(F,G) = sup
X∈rDm
f
(H)
‖F (X)−G(X)‖.
Let {rs}∞s=1 be an increasing sequence of positive numbers convergent to 1. For any F,G ∈ HarK(Dmf ,rad),
we define
ρ(F,G) :=
∞∑
s=1
(
1
2
)s
drs(F,G)
1 + drs(F,G)
.
It is easy to see that ρ is a metric on HarK(D
m
f ,rad).
As a consequence of Theorem 3.6, we obtain the following result. Since the proof is similar to that of
Theorem 3.10 from [26], we omit it.
Theorem 3.8.
(
HarK(D
m
f ,rad), ρ
)
is a complete metric space.
4. Brown-Halmos type equation associated with weighted multi-Toeplitz operators
Brown and Halmos [2] proved that a necessary and sufficient condition that an operator on the Hardy
space H2(D) be a Toeplitz operator is that
S∗TS = T,
where S is the unilateral shift on H2(D). In [12], Louhichi and Olofsson obtain a Brown-Halmos type
characterization of Toeplitz operators with harmonic symbols on the weighted Bergman space Am(D),
the Hilbert space of all analytic functions on the unit disc D with
‖f‖2 := m− 1
π
∫
D
|f(z)|2(1− |z|2)m−2dz <∞.
Their result was recently extended by Eschmeier and Langendo¨rfer [8] to the analytic functional Hilbert
space Hm(B) on the unit ball B ⊂ Cn given by the reproducing kernel κm(z, w) := (1− 〈z, w〉)−m
for z, w ∈ B, where m ≥ 1. Recently, we obtained (see [27] ) a Brown-Halmos type characterizations
of the weighted multi-Toeplitz operators associated with noncommutative poly-hyperballs, i.e. when
fi = Zi,1 + · · ·+ Zi,ni for any i ∈ {1, . . . , k}.
In this section, we prove that the weighted multi-Toeplitz operators satisfy a Brown-Halmos type
equation associated with the polydomain Dm
f
.
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For each i ∈ {1, . . . , k} and j ∈ {1, . . . , ni}, we define the weighted right creation operators Λi,j :
F 2(Hni)→ F 2(Hni) by setting Λi,j := Ri,jGi,j , where Ri,1, . . . , Ri,ni are the right creation operators on
the full Fock space F 2(Hni) and the operators Gi,j : F
2(Hni)→ F 2(Hni), j ∈ {1, . . . , ni}, are defined by
Gi,je
i
α :=
√√√√√ b(mi)i,α
b
(mi)
i,αgij
eiα, α ∈ F+ni .
In this case, we have
Λi,βe
i
γ =
√
b
(mi)
i,γ√
b
(mi)
i,γβ˜
ei
γβ˜
and Λ∗i,βe
i
α =

√
b
(mi)
i,γ√
b
(mi)
i,α
eγ if α = γβ˜
0 otherwise
for any α, β ∈ F+ni , where β˜ denotes the reverse of β = gij1 · · · gijp , i.e., β˜ = gijp · · · gij1 . We introduce the
operator Λi,j acting on F
2(Hn1)⊗ · · · ⊗ F 2(Hnk) and given by
Λi,j := I ⊗ · · · ⊗ I︸ ︷︷ ︸
i− 1 times
⊗Λi,j ⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
k − i times
.
We set Λi := (Λi,1, . . . ,Λi,ni) for each i ∈ {1, . . . , k}. The k-tuple Λ := (Λ1, . . . ,Λk) plays the role of
the right universal model for the noncommutative polydomain Dm
f˜
.
For each i ∈ {1, . . . , k}, set f˜i :=
∑
α∈F+ni ,|α|≥1
ai,α˜Zi,α. We recall from [20] that∑
α∈F+ni ,|α|≥1
ai,α˜Λi,αΛ
∗
i,α ≤ I and
(
id− Φf˜i,Λi
)mi
(I) = PC,
where Φf˜i,Λi(X) =
∑
α∈F+ni ,|α|≥1
ai,α˜Λi,αXΛ
∗
i,α. For each i ∈ {1, . . . , k}, we define Γi :=
{
α ∈ F+ni : ai,α 6= 0
}
and Ni := cardΓi. The direct sum of Ni copies of H is denoted by H(Ni). We associate with Λi :=
(Λi,1, . . . ,Λi,ni) the row contraction Cf˜i,Λi : (⊗ks=1F 2(Hns))(Ni) → ⊗ks=1F 2(Hns) defined by
Cf˜i,Λi :=
[√
ai,α˜Λi,α · · ·
]
α∈Γi
,
where the entries
√
ai,α˜Λi,α are arranged in the lexicographic order of Γi ⊂ F+ni . If Y ∈ B(H,K), we
denote by diagN (Y ) : H(N) → K(N) the direct sum of N copies of Y .
Proposition 4.1. For each i ∈ {1, . . . , k}, the operator Cf˜i,Λi satisfies the following properties.
(i) The operator Cf˜i,Λi has closed range and
rangeCf˜i,Λi =
(⊗i−1s=1F 2(Hns))⊗ (F 2(Hni)⊖ C)⊗ (⊗ks=i+1F 2(Hns)) .
(ii) The operator
C∗
f˜i,Λi
Cf˜i,Λi : rangeC
∗
f˜i,Λi
→ rangeC∗
f˜i,Λi
is invertible and the operator
Cf˜i,Λi(C
∗
f˜i,Λi
Cf˜i,Λi)
−1C∗
f˜i,Λi
: ⊗ks=1F 2(Hns)→ ⊗ks=1F 2(Hns)
is the orthogonal projection of ⊗ks=1F 2(Hns) onto(⊗i−1s=1F 2(Hns))⊗ (F 2(Hni)⊖ C)⊗ (⊗ks=i+1F 2(Hns)) .
(iii) The following identity holds:
Cf˜i,Λi(C
∗
f˜i,Λi
Cf˜i,Λi)
−1 = Cf˜i,ΛidiagNi
mi−1∑
j=0
(−1)j
(
mi
j + 1
)
Φf˜i,Λi(I)
 |rangeC∗
f˜i,Λi
.
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Proof. Due to the definition of Λi := (Λi,1, . . . ,Λi,ni), it is easy to see that
range Λi =
(⊗i−1s=1F 2(Hns))⊗ (F 2(Hni)⊖ C)⊗ (⊗ks=i+1F 2(Hns)) .
Note that rangeCf˜i,Λi ⊂ range Λi and, for any ϕ1, . . . , ϕni ∈ F 2(Hni), we have
Cf˜i,Λi

ϕ1
...
ϕni
0
...
 =
ni∑
j=1
√
ai,gijΛi,jϕj = range Λi.
The later equality is due to the fact that ai,gij > 0 for any j ∈ {1, . . . , ni}. Therefore, we have
rangeCf˜i,Λi = range Λi, which proves item (i).
To prove part (ii), note that since Cf˜i,Λi has closed range, so does C
∗
f˜i,Λi
. Consequently, the operator
C∗
f˜i,Λi
Cf˜i,Λi : rangeC
∗
f˜i,Λi
→ rangeC∗
f˜i,Λi
is invertible. On the other hand, if y ∈ rangeCf˜i,Λi , then y = Cf˜i,Λix for some x ∈ rangeC∗f˜i,Λi and
Cf˜i,Λi(C
∗
f˜i,Λi
Cf˜i,Λi)
−1C∗
f˜i,Λi
y = Cf˜i,Λi(C
∗
f˜i,Λi
Cf˜i,Λi)
−1C∗
f˜i,Λi
Cf˜i,Λix = Cf˜i,Λix = y.
If y ∈ (rangeCf˜i,Λi)⊥ = kerC∗f˜i,Λi , then Cf˜i,Λi(C
∗
f˜i,Λi
Cf˜i,Λi)
−1C∗
f˜i,Λi
y = 0. This completes the proof of
item (ii).
To prove item (iii), we recall that
(id− Φf˜iΛi)mi(I) = I ⊗ · · · ⊗ I︸ ︷︷ ︸
i− 1 times
⊗PC ⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
k − i times
, i ∈ {1, . . . , k},
where PC is the orthogonal projection of F
2(Hni) onto C1 ⊂ F 2(Hni). Consequently, using item (ii), we
deduce that
Cf˜i,Λi(C
∗
f˜i,Λi
Cf˜i,Λi)
−1C∗
f˜i,Λi
= I⊗ks=1F 2(Hns ) − (id− Φf˜i,Λi)
mi(I)
=
mi−1∑
j=0
(−1)j
(
mi
j + 1
)
Φj+1
f˜i,Λi
(I)
= Cf˜i,ΛidiagNi
mi−1∑
j=0
(−1)j
(
mi
j + 1
)
Φj
f˜i,Λi
(I)
C∗
f˜i,Λi
.
Hence, part (iii) follows. The proof is complete. 
For each i ∈ {1, . . . , k}, the operator C′
f˜i,Λi
: rangeC∗
f˜i,Λi
→ ⊗ks=1F 2(Hns) defined by
C′
f˜i,Λi
:= Cf˜i,Λi(C
∗
f˜i,Λi
Cf˜i,Λi)
−1
is called the Cauchy dual of Cf˜i,Λi .
Definition 4.2. An operator T ∈ B(⊗ks=1F 2(Hns)) is said to have the Brown-Halmos property if
C′∗
f˜i,Λi
TC′
f˜i,Λi
= PrangeC∗
f˜i,Λi
diagNi
mi−1∑
j=0
(−1)j
(
mi
j + 1
)
Φj
f˜i,Λi
(T )
 |rangeC∗
f˜i,Λi
for any i ∈ {1, . . . , k}.
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If K is a separable Hilbert space, we say that an operator T ∈ B (K⊗⊗ks=1F 2(Hns)) satisfies the
Brown-Halmos condition if
(4.1) C′∗
f˜i,I⊗Λi
TC′
f˜i,I⊗Λi
= PrangeC∗
f˜i,I⊗Λi
diagNi
mi−1∑
j=0
(−1)j
(
mi
j + 1
)
Φj
f˜i,I⊗Λi
(T )
 |rangeC∗
f˜i,I⊗Λi
for any i ∈ {1, . . . , k}, where I ⊗Λi := [IK ⊗Λi,1 · · · IK ⊗Λi,ni ]. We would like to find all the solutions
of this operator equation.
Theorem 4.3. If T ∈ B(K ⊗ ⊗ks=1F 2(Hns)) is a weighted multi-Toeplitz operator associated with the
polydomain Dm
f
, then it satisfies the Brown-Halmos property.
Proof. First, we show that if s = (s1, . . . , sk) ∈ Zk, then the operator
qs(W,W
∗) :=
∑
(α,β)∈J s
A(α,β) ⊗WαW∗β
satisfies the Brown-Halmos condition. Fix i ∈ {1, . . . , k} and assume that si ≥ 0. Then
(4.2) qs(W,W
∗)Cf˜i,I⊗Λi = Cf˜i,I⊗ΛidiagNi (qs(W,W
∗))
and
(4.3) diagNi (qs(W,W
∗))diagNi
(
Ψf˜i,I⊗Λi(I)
)
= diagNi
(
Ψf˜i,I⊗Λi(qs(W,W
∗))
)
,
where
diagNi
(
Ψf˜i,I⊗Λi(X)
)
:= diagNi
mi−1∑
j=0
(−1)j
(
mi
j + 1
)
Φj
f˜i,I⊗Λi
(X)
 .
Now, using Proposition 4.1, item (iii), and relations (4.2), (4.3), we deduce that
(C∗
f˜i,I⊗Λi
Cf˜i,I⊗Λi)
−1C∗
f˜i,I⊗Λi
qs(W,W
∗)Cf˜i,I⊗Λi(C
∗
f˜i,I⊗Λi
Cf˜i,I⊗Λi)
−1
= (C∗
f˜i,I⊗Λi
Cf˜i,I⊗Λi)
−1C∗
f˜i,I⊗Λi
qs(W,W
∗)Cf˜i,I⊗ΛidiagNi
mi−1∑
j=0
(−1)j
(
mi
j + 1
)
Φj
f˜i,I⊗Λi
(I)
 |rangeC∗
f˜i,I⊗Λi
= (C∗
f˜i,I⊗Λi
Cf˜i,I⊗Λi)
−1C∗
f˜i,I⊗Λi
Cf˜i,I⊗ΛidiagNi (qs(W,W
∗))diagNi
(
Ψf˜i,I⊗Λi(I)
)
|rangeC∗
f˜i,I⊗Λi
= PrangeC∗
f˜i,I⊗Λi
diagNi
(
Ψf˜i,I⊗Λi(qs(W,W
∗)
)
|rangeC∗
f˜i,I⊗Λi
.
If si < 0, then
(4.4) C∗
f˜i,I⊗Λi
qs(W,W
∗) = diagNi(qs(W,W
∗))C∗
f˜i,I⊗Λi
and
(4.5) diagNi
(
Ψf˜i,I⊗Λi(I)
)
diagNi(qs(W,W
∗)) = diagNi
(
Ψf˜i,I⊗Λi(qs(W,W
∗))
)
.
Using using Proposition 4.1, item (iii), and relations (4.4), (4.5), we deduce that
(C∗
f˜i,I⊗Λi
Cf˜i,I⊗Λi)
−1C∗
f˜i,I⊗Λi
qs(W,W
∗)Cf˜i,I⊗Λi(C
∗
f˜i,I⊗Λi
Cf˜i,I⊗Λi)
−1
= PrangeC∗
f˜i,I⊗Λi
diagNi
mi−1∑
j=0
(−1)j
(
mi
j + 1
)
Φf˜i,I⊗Λi(I)
C∗
f˜i,I⊗Λi
qs(W,W
∗)Cf˜i,I⊗Λi(C
∗
f˜i,I⊗Λi
Cf˜i,I⊗Λi)
−1
= PrangeC∗
f˜i,I⊗Λi
diagNi
(
Ψf˜i,I⊗Λi(I)
)
diagNi(qs(W,W
∗))C∗
f˜i,I⊗Λi
Cf˜i,I⊗Λi(C
∗
f˜i,I⊗Λi
Cf˜i,I⊗Λi)
−1
= PrangeC∗
f˜i,I⊗Λi
diagNi
(
Ψf˜i,I⊗Λi(qs(W,W
∗))
)
|rangeC∗
f˜i,I⊗Λi
.
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Due to the first part of the proof, for any r ∈ [0, 1), qs(rW, rW∗) = r|s|qs(W,W∗) satisfies the Brown-
Halmos condition. According to Theorem 2.3, there is a bounded free k-pluriharmonic function F on the
radial polydomain Dm
f ,rad with coefficients in B(K) such that
T = SOT- lim
r→1
F (rW)
and F (rW) =
∑
s∈Zk r
|s|qs(W,W
∗) is convergent in the operator norm topology. It is easy to see that
F (rW) satisfies the Brown-Halmos condition (4.1). Using the SOT-convergence above, we can prove
that, for each j ∈ {0, 1, . . . ,mi − 1} and any α,β ∈ F+n , h, ℓ ∈ K,
(4.6)
〈
Φj
f˜i,I⊗Λi
(F (rW))h ⊗ eα, ℓ⊗ eβ
〉
→
〈
Φj
f˜i,I⊗Λi
(T )h⊗ eα, ℓ⊗ eβ
〉
, as r → 1.
Since
Φf˜i,I⊗Λi(I) =
∑
α∈F+ni ,|α|≥1
ai,α˜Λi,αΛ
∗
i,α ≤ I
and, due to Theorem 2.3, supr∈[0,1) ‖F (rW)‖ = ‖T ‖, we deduce that
sup
r∈[0,1)
‖Φj
f˜i,I⊗Λi
(F (rW))‖ <∞.
Using relation (4.6), we deduce that Φj
f˜i,I⊗Λi
(F (rW) → Φj
f˜i,I⊗Λi
(T ), as r → 1, in the weak operator
topology. Consequently, and using that
C′∗
f˜i,I⊗Λi
F (rW)C′
f˜i,I⊗Λi
= PrangeC∗
f˜i,I⊗Λi
diagNi
mi−1∑
j=0
(−1)j
(
mi
j + 1
)
Φj
f˜i,I⊗Λi
(F (rW))
 |rangeC∗
f˜i,I⊗Λi
for any i ∈ {1, . . . , k}, we deduce that T satisfies the Brown-Halmos condition. The proof is complete. 
In [27], we proved that the converse of Theorem 4.3 is true for poly-hyperballs. While we believe that
the converse is true for all the noncommutative polydomains Dm
f
, for now, it remains an open problem.
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